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ABSTRACT
In this work we set up a relation between Dirichlet average of Advanced Modified M- function [16] and fractional
derivative.
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INTRODUCTION

Carlson [1-5] has defined Dirichlet average of functions which represents certain type of integral average with respect
to Dirichlet measure. Carlson[1-5] showed that various important special functions can be derived as Dirichlet
averages for the ordinary simple functions likex®,e* etc. He has also pointed out that the hidden symmetry of all
special functions which provided their various transformations can be obtained by averaging x™,e* etc. Thus he
established a unique process towards the unification of special functions by averaging a limited number of ordinary
functions. Almost all known analytic special functions and their well known properties have been derived by this
process.

In this paper, the Dirichlet average of Sharma’s Advanced Modified M — function [16], has been obtained.

DEFINITIONS
We give blew some of the definitions which are necessary in the preparation of this paper.

Standard Simplexin R",n > 1:
We denote the standard simplex in R™, n > 1 by [1, p.62].
E=E, = {S(ul‘uZ, .....un) t U =20, Uy, 20, U Uy e +u, < 1} (21.1)

Dirichlet measure:
Letbh € C*, k = 2 and let E = E,_, be the standard simplex in R¥~1. The complex measure y, is defined by E[1].

1 bi1— bg—1— -
dup(u) = mull Lo e U T "A—uy =, — Up_ )b tduy e e dug
(2.2.1)
Will be called a Dirichlet measure.
Here
| (27 S N (.79
B(b) = B(b1,..........bk) = ,
(b) ( ) [(by + - cuee..+by)
Cs = {z €z:z+0,|phz| < ”/2},
Open right half plane and C.k is the k" Cartesian power of C.
Dirichlet Average[1, p.75]:
Let Q be the convex set in Cs, let z = (zq, .. ... ... ,Z;) E QX k>2 and let u.z be a convex combination of
Zq, wenven e ,Zx. Let f be a measureable function on Q and let u, be a Dirichlet measure on the standard simplex E in
R*~1 Define
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F(b,z) = Jf(u. z)d puy, (u) (2.3.1)
E
We shall call F the Dirichlet measure of f with variables
Z = (Z1, ceneee oen ,Z,) and parameters b = (by, .. vo. oo . by).
Here
k
u.z= Z wizy andu, =1 —uy — = o vee . —Up—q (2.3.2)

Ifk = 1, define F(b,2) = f(2).

Fractional Derivative [8, p.181]:

The concept of fractional derivative with respect to an arbitrary function has been used by Erdelyi[8]. The most
common definition for the fractional derivative of order a found in the literature on the “Riemann-Liouville integral”
is

1 .
DEFD) = 15 Of F(6)(z — £)-9-1dt 2.4.1)
Where Re(a) < 0 and F(x) is the form of x? f (x), where f(x) is analytic at x = 0.

Advanced Modified M — Function —
We give the new special function, called Advanced Modified M — function [16],, which is the most generalization
of New Generalized Mittag-Leffler Function . Here, we give first the notation and the definition of the New Special
Advanced Modified M — function, introduced by the author as follows:

aB.y,8,pnnkikpli,.lgic _ - (al)n (ap)n ()/)n (6)1'1 kIL k;l ?:1 aiai (Ct)(nﬂ/)a_ﬁ_1
PMq = m_.InMn bi ) (3.1)
n—o (bl)n (bq)n (p)n 1 -%q Hi:l bi n: F((Tl + )/)a - ,8)
There are p upper parameters a, a,, ...a, and g lower parameters b, b, ..bg.a, B, v,8,p € C,Re(a) > 0, Re(f) >
0, Re(y) >0, Re(8) >0, Re(p) >0, Re(ay — ) > 0and (a;), (b;), are pochammer symbols and ky, ...k,
Ly, ...lzare constants. The function (1) is defined when none of the denominator parameters b;s, j = 1,2,..q is a
negative integer or zero. If any parameter a; is negative then the function (1) terminates into a polynomial in (t).

EQUIVALENCE
In this section , we shall show the equivalence of single Dirichlet average of Advanced Modified M —
function, (k = 2) with the fractional derivative i.e.

S(ﬁ,ﬁ’:x.y)=M

_p_pl =B B.Y.S, Kkq,.-kply,..lg;c _
v (x — YY1 BB DL @B oo R () (x — )BT (4.1)
Proof:

! ,B,v.6, Kk1,-kplq,-lgic
S(ﬁ,[)’;x,y)zaﬁy qul pl1,-lq ()
[ee)

B Z (a)n - (ap)n W (8)n kT .o kT noq% (ct)mHna-p-1 .
- b - (bg), P W18 T, B” nIT((n+p)a — B)

[ee)

_ Z (@dn - (@), W (S)p kT o k? [Ty @ (0)mMaF=1 (B + B') f[ux
- () - (bg),  Pn B0 T, b nIT((n+y)a—pg) TRTE )

+ (1 — w)y](+a=p=1) yB-1(1 — )" ~1qy
Putting u(x — y) = t, we have,

(n+y)a—ﬁ—1(ﬁ' B x,y)

n=o

n=o

[ee]

B Z (@dn (@) W (&) ko kP TIhya®  ()™aB-1 (B + B o

- 7 [t
& (bn--(bg), (O U T b nT((+y)a—p) TRTR
B-1 B'-1
+ y](@Hna-p-1 ( t ) (1 _ ¢t ) dt
x=y x=y x=Yy
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On changing the order of integration and summation, we have
TB+ ) [ (@) (ap) Dn (8)n kT ok Ty % (c)#Iap1
rpIp’ of nZo (b)) - (bq)n (P O 1 . bibi n! l"((n +y)a — ﬁ) [t
+ y](@a-B=1 (1) ~1(x — y — £)F' 14t

=(x—y)FF

Or

x-y
T(B+B")
rBTp’
0
Hence by the definition of fractional derivative, we get

, o TB+B) g 50 Ki,diply g _
SB,Bxy) = (x— y)l B-B TDx_Bya,BJ" .ZMql pl1,-lq C(x)(x _y)ﬁ 1

= (x — y)17FF a.ﬁ.%&zM";l'---kp'll.---lqic(x) OF(x—y-— )B4t

This completes the Analysis.
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